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The paper presents the new method of calculations of reaction amplitudes of processes with spin
1/2 fermions. The method is based on the application of isotropic tetrad in Minkowski space and
basis spinors connected with it. We obtained as test and illustration of the method the amplitudes of
interaction processes e−e+ → ff¯ , e−e+ → W−W+ and one of the possible diagrams of the process
e+e− → e+e−e+e−e+e−.
PACS numbers: 4.70Hp,14.80Bn,13.85Qk
I. INTRODUCTION
Now a comparison the consequences of quantum field theories with the results of experiments in
a high-energy physics requires calculation of observed quantities with a high scale of precision. The
standard way to obtain a cross section with the fermions of a spin 1/2 in perturbative quantum
field theories is to reduce the squared amplitude to a trace from products of γ-matrices. The study
of multi-particle final states in reactions and the investigation of polarization effects have required
a new effective method of calculations, because the standard method involves the calculation of a
great number of traces with a lot of Dirac γ-matrices.
The method of direct calculation of matrix elements became the alternative to the standard
method. The idea of calculating amplitudes has a long enough history. In 1949 it was suggested in
[1] to calculate a matrix element by means of explicit form of γ-matrices and Dirac bispinors (more
detailed bibliography on the problem can be found in [2, 3]).
Now there have been worked out a lot of methods of calculating the reaction amplitudes with
fermions of the spin 1/2. That’s why one can say that the method is becoming a standard method
in high-energy physics for obtaining cross sections and decay rates.
The methods of matrix elements calculations can be divided into two major classes. The first class
includes the methods of direct numerical calculation of the Feynman diagrams (see, for example, [4]).
The second class includes the methods of analytical calculations of amplitudes with the subsequent
numerical calculation of cross sections. It should be noted that there are methods of calculating
cross sections without the Feynman diagrams [5]-[7].
The analytical methods of Feynman amplitudes calculation can be divided into two groups. The
first group involves the analytical methods that reduce the calculation of S-matrix element to trace
calculation. The procedure of trace calculation underlies a lot of methods (see, [2, 3], [8]-[15] etc.).
In the methods matrix element is reduced to the combination of scalar products of four-vectors and
their contraction with the Levi-Civita tensor.
The second group involves the analytical methods that practically do not use the operations with
traces from products of γ-matrices. The method of the CALCUL group which was used for the
calculations of the reactions with massless fermions is the most famous among [16]-[18]. In this
method the matrix element is reduced to spinor products of bispinors i.e. Uλ (p)U−λ (k). The
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2spinor products are calculated through momentum components by means of traces. However, the
operation of matrix element reduction is not so simple as the calculation of traces. It requires the
use of Chisholm spinor identities (see [17]). Also it takes the representation of contraction 6p = pµγµ
with four-momenta pµ and polarization vectors of external photons through bispinors. For gauge
massive bosons the additional mathematical constructions are needed [17].
There are generalizations of the method for massive Dirac particles both for special choices of the
fermion polarization ([17, 19, 20]) and for an arbitrary fermion polarization [21, 22]. We call the
polarization states of fermions in Ref.[17] as Kleiss-Stirling or KS-states.
In Ref. [20] the original algorithm of reduction to spinor products for helicity massive fermions with
the help of the Weyl representation for γ-matrices was offered. It should be noted that for massless
fermions we can obtain amplitude in terms of the scalar products of four-momentum vectors and
current-like constructions of the type Jµ ∼ Uλ (p) γµUλ (k). The components of Jµ are calculated
through momentum components p, k (so called E-vector formalism, see [23]).
For KS-states Ref.[24] presents the iterative scheme of calculation that reduces expression for
the fermion line Uλ (p)QUλ (k) to the combination of spinor products Uλ (p)Uλ (k) and (or)
Uλ (p) γ
µ (gV + gAγ5)Uλ (k) by means of inserting the complete set of non-physical states of bispinors
(with p2 < 0) into the fermion line.
It goes without saying that both the spinor products and current constructions in all the methods
were calculated by means of traces and then used as a universal function similar to the expression
of scalar product of four-vectors through their components.
It is very difficult to estimate the efficiency of different methods of matrix element calculation, as
their application often comes from the physical problem that must be solved. So, for example, the
methods of calculation by means of traces are universal and they don’t require any additional con-
structions of polarization vectors of particles as in spinor techniques. However, in the trace method
the number of terms to be evaluated increases even quadratically with the number of diagrams.
The efficiency of spinor techniques is that the evaluation of matrix element is expressed through
the spinor products that have been calculated before. It decreases the number of terms and it
is convenient when we pass over to numerical calculations immediately. However, simple process
e+e− → W+W− with polarized W -bosons for spinor technique is more difficult to calculate than it
is in trace method.
The disadvantages of other methods are that they use a specific choice of polarization vectors and
accordingly require additional calculations if it is necessary to calculate other polarization configu-
rations of fermions.
Many analytical methods underlie both universal programs of matrix element calculations and
cross sections CompHEP [25], GRACE [26], FeynCalc [27], (see also [28]) and special-purpose
programs. The detailed list of such programs can be found in Ref.[29].
The aim of this paper is to present a new method for calculating the amplitudes of processes
involving both massive fermions of an arbitrary polarization and massless fermions. This method
is based on the use of an isotropic tetrad in Minkowski space and basis spinors connected with it.
Here we don’t use an explicit form of bispinors and γ-matrices or operation of trace calculations.
In this method as well as in the trace methods the matrix element of Feynman amplitudes is
reduced to the combination of scalar products of momenta and polarization vectors. Unlike spinor
technique in different variants [16]-[19], this method doesn’t use either Chisholm identities, or the
presentation of the contraction 6p with four vector p and of the polarization vector of bosons through
the bispinors. The minimum number of operations and the simple algorithm of the method make it
very efficient and not complicated in calculations.
As the suggested method is based on the active use of basis spinors connected with isotropic tetrad
vectors we shall call it the method of basis spinors (MBS).
3The structure of the paper is as follows: in Sec. II we define an isotropic tetrad and complete set
of spinors connected with it. We give the main formulas that underlie the suggested method. In
Sec. III we consider the decomposition coefficients of bispinors with an arbitrary polarization vector
on basis spinors. We give decomposition coefficients for fermion with the most frequently used
polarization states. In Sec. IV we render the method of basis spinors and give a brief comparison of
the suggested scheme of calculations with methods of spinor techniques and trace method. Sec. V
contains the calculation of the amplitudes of the reaction e−e+ → f f¯ with massive fermions f ,
the process e−e+ → W−W+ with polarized W -bosons and one of possible Feynman diagrams of
reaction e+e− → e+e−e+e−e+e− (for massless fermions) as the illustration of the MBS. The last
section traditionally contains the concluding remarks. Appendix A includes some relations for matrix
elements with massless fermions.
II. ISOTROPIC TETRAD AND BASIS SPINORS. SOME RELATIONS
We use the metric and matrix convention as in the book by Bjorken and Drell [30] i.e. the Levi-
Civita tensor is determined as ǫ0123 = 1 and the matrix γ5 = iγ
0γ1γ2γ3. Let us introduce the
orthonormal four-vector basis in Minkowski space which satisfies the relations:
lµ0 • lν0 − lµ1 • lν1 − lµ2 • lν2 − lµ3 • lν3 = gµν , l20 = −l21 = −l22 = −l23 = 1, µ, ν = 0, 1, 2, 3. (1)
In Eq.(1) g is the metric tensor. We fix the basis orientation by the relation
ǫµνρσl
µ
0 l
ν
1 l
ρ
2l
σ
3 = −ǫ0123 = −1. (2)
An arbitrary four-vector p can be written as
p = (p · l0) · l0 − (p · l1) · l1 − (p · l2) · l2 − (p · l3) · l3 . (3)
With the help of the vectors lA (A = 0, 1, 2, 3) we can define lightlike vectors, which form the
isotropic tetrad in Minkowski space (about isotropic tetrad, see [31]):
bρ = l0 + ρl3, nλ = l1 + iλl2, ρ, λ = ±1. (4)
From Eqs. (1), (4) it follows that
(bρ · b−λ) = 2δλ,ρ , (nλ · n−ρ) = −2δλ,ρ , (bρ · nλ) = 0, (5)
1/2
1∑
λ=−1
[
bµλ • bν−λ − nµλ • nν−λ
]
= gµν . (6)
Therefore, Dirac matrix γµ and contracting 6p = pµγµ with four-vector pµ can be written as
γµ = 1/2
1∑
λ=−1
[ 6b−λbµλ− 6n−λnµλ] , (7)
6p = 1/2
1∑
λ=−1
[(b−λ · p) 6bλ − (n−λ · p) 6nλ] . (8)
With the help of isotropic tetrad (4) we define basis spinors Uλ (b−1) and Uλ (b1)
Uλ (b−1)Uλ (b−1) = ωλ 6b−1, (9)
4Uλ (b1) ≡ 6b1
2
U−λ (b−1) . (10)
ωλUλ (b±1) = Uλ (b±1) (11)
with ωλ = 1/2 (1 + λγ5).
If we introduce raising and lowering spin operators
λ
2
6nλU−ν (b−1) = δλ,νUλ (b−1) (12)
we can fix the phases of the spinors Uλ (b−1) and Uλ (b1).
By using the properties of lightlike vectors (4) and γ-matrix algebra it is possible to determine
that
6b−1
2
U−λ (b1) = Uλ (b−1) , (13)
λ
2
6nλUν (b1) = −δλ,νU−λ (b1) . (14)
The important property of basis spinors (9), (10) is the completeness relation
1
2
1∑
λ,A=−1
Uλ (bA)U−λ (b−A) = I, (15)
which follows from Eqs.(9)-(11). Thus, the arbitrary bispinor can be decomposed in terms of basis
spinors Uλ (bA).
With the help of Eqs.(7),(12)-(14) we can obtain that
γµUλ (b−1) = b
µ
−1U−λ (b1) + λn
µ
λU−λ (b−1) , (16)
γµUλ (b1) = b
µ
1U−λ (b−1) + λn
µ
−λU−λ (b1) . (17)
Eqs.(16) and (17) can be rewritten in a general form
γµUλ (bA) = b
µ
AU−λ (b−A) + λn
µ
−A∗λU−λ (bA) . (18)
Another important property of basis spinors is that spinor products are simple and are similar to
scalar products of isotropic tetrad vectors
Uλ (bC)Uρ (bA) = 2δλ,−ρδC,−A, C, A = ±1 λ, ρ = ±1. (19)
Eqs.(18), (19), and also
ωλUρ (bA) = δλ,ρUρ (bA) (20)
underlie the suggested method (MBS).
Let us consider some properties of construction
Γ
{α,β,...,µ}
C,A;σ,ρ ≡ Uσ (bC) γαγβ . . . γµUρ (bA) . (21)
5By means of relations (18) and (19) it is easy to calculate Γ
{α,β,...,µ}
C,A;σ,ρ in terms of the isotropic tetrad
vectors. For example, the current-like construction Γ
{µ}
C,A;σ,ρ has the following form
Γ
{µ}
C,A;σ,ρ = 2δσ,ρ
(
δC,Ab
µ
A + ρn
µ
A∗ρδ−C,A
)
. (22)
Eq.(22) can be rewritten in matrix form
Γ
{µ}
C,A;σ,ρ = 2δσ,ρ
(
bµ1 ρn
µ
−ρ
ρnµρ b
µ
−1
)
CA
. (23)
With the help of completeness relation (15) we can receive recursion formula for Γ−C,A;σ,ρ
Γ
{α,β,...,µ}
−C,A;σ,ρ = 1/2
1∑
D=−1
Γ
{α}
−C,D;σ,σΓ
{β,...,µ}
−D,A;−σ,ρ
= 1/4
1∑
D,B=−1
Γ
{α}
−C,D;σ,σΓ
{β}
−D,B;−σ,−σΓ
{...,µ}
−B,A;σ,ρ. (24)
By means of the additional construction
ΓnC,A;σ,ρ = k
α
1 k
β
2 . . . k
µ
nΓ
{α,β,...,µ}
C,A;σ,ρ , (25)
where k1, k2, . . . kn are the arbitrary four-vectors, recursion relation (24) can been rewritten in matrix
form
Γn−C,A;σ,ρ = 2δσ,(−1)n−1∗ρ
n∏
j=1

 (−1)j−1ρ
(
n(−1)j∗ρ · kj
)
(b1 · kj)
(b−1 · kj) (−1)j−1ρ
(
n(−1)j−1∗ρ · kj
)


= 2δσ,(−1)n−1∗ρ
(
ρ (n−ρ · k1) (b1 · k1)
(b−1 · k1) ρ (nρ · k1)
)(
−ρ (nρ · k2) (b1 · k2)
(b−1 · k2) −ρ (n−ρ · k2)
)
. . . . (26)
Thus, the construction Γα,β,...,µ can be easily calculated for a great number of γ-matrices with the
help of recursive relation (26). These calculations are an important part of the method of basis
spinors. The algorithm of the method of basis spinors will be explained in Sec.IV.
III. DECOMPOSITION OF THE BISPINORS IN TERMS OF BASIS SPINORS
The major part of my method is the calculation of decomposition coefficients of an arbitrary
bispinor on basis spinors (9)-(10). The opportunity of deriving these coefficients is founded on that
an arbitrary bispinor of a fermion can be determined through the basis spinor Uρ (b−1) (or Uρ (b1))
with the help of projection operators.
Let us consider massless fermions. An arbitrary bispinor Uλ (p) of momentum p (p
2 = 0, (p · b−1) 6=
0) and helicity λ is defined in terms of basis spinor (see, for example, [17])
Uλ (p) =
6p√
2 (p · b−1)
U−λ (b−1) . (27)
As it follows from completeness relation (15), the decomposition coefficients of arbitrary bispinors
are the spinor products
Dλ,ρ (A; p) =
1
2
Uλ (bA)Uρ (p) . (28)
6Using Eqs.(18)-(27) we obtain, that
Dλ,ρ (A; p) =
δλ,−ρ√
2

δA,−1√(p · b−1) + δA,1 λ (p · nλ)√
(p · b−1)

 . (29)
If p = const b−1, the decomposition has the most simple form, as in this case
Uλ (p) =
√
const Uλ (b−1) . (30)
For numerical calculations, as well as in the case of using spinor techniques, it is convenient to
determine the coefficient (29) through the momentum components p = (p0 ,px = p0 sin θp sinϕp,
py = p0 sin θp cosϕp, p
z = p0 cos θp)
Dλ,ρ (A; p) =
δλ,−ρ√
2
[
δA,−1
√
p+ − δA,1λ exp (iλϕp)
√
p−
]
= δλ,−ρ
√
p0
[
δA,−1 cos
θp
2
− δA,1λ sin θp
2
exp (iλϕp)
]
, (31)
where
p± = p0 ± pz, px + iλpy =
√
(px)2 + (py)2 exp (iλϕp) .
The decomposition of the bispinor of antifermion Vλ (p) is received from the ratio
Vλ (p) = U−λ (p) . (32)
Let us consider massive Dirac particles. The bispinors of the massive fermion and anti-fermions
with arbitrary polarization vectors are determined by the basic spinor (see the Appendix in [19]).
Uλ (p, sp) =
τλu (p, sp)√
(b−1 · (p+mpsp))
U−λ (b−1) , (33)
Vλ (p, sp) =
τλv (p, sp)√
(b−1 · (p+mpsp))
Uλ (b−1) , (34)
where the projection operators τλu (p, sp) , τ
λ
v (p, sp) are expressed by the relations
τλu (p, sp) =
1
2
( 6p+mp) (1 + λ γ5 6sp) , (35)
τλv (p, sp) =
1
2
( 6p−mp) (1 + λγ5 6sp) . (36)
We obtain
6pUλ (p, sp) = mp Uλ (p, sp) , 6p Vλ (p, sp) = −mp Vλ (p, sp) ,
γ5 6sp Uλ (p, sp) = λUλ (p, sp) , γ5 6sp Vλ (p, sp) = λ Vλ (p, sp) (37)
i.e. the bispinors Uλ (p, sp) and Vλ (p, sp) satisfy Dirac equation and spin condition for massive
fermion and antifermion. The notation sp for bispinors indicates that fermion with momentum p
7has fixed polarization vector sp. We also found, that the bispinors of fermions and antifermions,
Eqs.(33),(34), were related by
Vλ (p, sp) = −λγ5U−λ (p, sp) , V λ (p, sp) = U−λ (p, sp) λ γ5. (38)
After evaluations with the help of Eqs.(33),(34) we receive, that the decomposition coefficients
for a massive fermion with momentum p, an arbitrary polarization vector sp and mass mp can be
written as scalar products of tetrad and physical vectors
Dλ,ρ (A; p, sp) =
1√
2 (b−1 · ξp1)[
δA,−1
{
δλ,−ρ (b−1 · ξp1)−
ρδλ,ρ
2mp
((b−1 · ξp1) (n−ρ · ξp2) + (n−ρ · ξp1) (b−1 · ξp2))
}
+
δA,1
{
−ρδλ,−ρ (n−ρ · ξp1) +
δλ,ρ
2mp
((b−1 · ξp1) (b1 · ξp2)− (n−ρ · ξp1) (nρ · ξp2))
}]
, (39)
ξp1 = p+mpsp, ξ
p
2 = p−mpsp. (40)
Let’s determine decomposition coefficients for helicity and KS polarization states of fermions, as
they are the most-used in calculations of matrix elements. The polarization vector of KS-states is
defined as follows [17, 22, 24]:
sp =
p
mp
−mp b−1
(p · b−1) . (41)
In this case, the massive fermion bispinor is related with basis bispinor most simply [17, 24]
Uλ (p,KS) =
6p+mp√
2 (p · b−1)
U−λ (b−1) (42)
and the decomposition coefficients have a compact form
Dλ,ρ (A; p,KS) =
1√
2

δλ,−ρ

δA,−1√(p · b−1) + δA,1 λ (p · nλ)√
(p · b−1)

+ δλ,ρδA,1 mp√
(p · b−1)

 . (43)
Choosing
sp =
(p · l0) p−m2p l0
mp
√
(p · l0)2 −m2p
(44)
we find that the polarization state of a fermion is its helicity state.
For helicity states the expression for decomposition coefficients in terms of scalar products of phys-
ical and isotropic tetrad vectors have more complex form, than for KS-states. But, if to consider this
expression through components of momentum p = (p0, |−→p | sin θp sinϕp , |−→p | sin θp cosϕp, |−→p | cos θp)
we obtain that the decomposition coefficients have a simple form
Dλ,ρ (A; p,Hel) =
1√
2
[√
p0 + |−→p |
(
δA,−1 cos
θp
2
− δA,1λ exp (iλϕp) sin θp
2
)
δλ,−ρ +
√
p0 − |−→p |
(
δA,1 cos
θp
2
+ δA,−1λ exp (−iλϕp) sin θp
2
)
δλ,ρ
]
. (45)
8It is clear, if mp = 0 Eq.(45) turns into Eq.(31).
The analysis of decomposition coefficients for massive and massless fermions of a spin 1/2 shows,
that the decomposition coefficient Dλ,ρ for massless case becomes diagonal on spin indices λ, ρ. This
fact simplifies the calculation of matrix elements with massless fermions.
The decomposition coefficients for an antifermion with bispinor (34) can be easily obtained with
the help of expression (38).
IV. METHOD OF THE BASIS SPINORS
The amplitude of the Feynman diagram is the product of the expressions of the type
Mλp,λk (p, sp; k, sk) = Uλp (p, sp)Q Uλk (k, sk) . (46)
Equation (46) corresponds to the fermion line with the matrix operator Q, which is expressed as
the combination of γ-matrices and their contractions with four-vectors.
In the method based on the use of traces Eq.(46) is rewritten as follows
Mλp,λk (p, sp; k, sk) = Tr
(
Uλk (k, sk)⊗ Uλp (p, sp)Q
)
. (47)
The main problem of the trace approach is to get explicit form of expression Uλk (k, sk)⊗Uλp (p, sp).
A great number of methods of matrix element calculation are directed to the solution of this problem.
In our case we can also obtain the expression of the matrix Uλk (k, sk)⊗Uλp (p, sp) by means of Eqs.
(33) and (34) for various spin configurations of fermions
Uλ (k, sk)⊗ Uλ (p, sp) = τ
u
λ (k, sk)ω−λ 6b−1τuλ (p, sp)
4
√
b−1 · (p +mpsp)
√
b−1 · (k +mksk)
, (48)
U−λ (k, sk)⊗ Uλ (p, sp) = λτ
u
−λ (k, sk) 6nλωλ 6b−1τuλ (p, sp)
8
√
b−1 · (p+mpsp)
√
b−1 · (k +mksk)
. (49)
Thus, to calculate (46) it is necessary to evaluate the relations:
Mλ,λ (p, sp; k, sk) =
Tr (τuλ (k, sk)ω−λ 6b−1τuλ (p, sp)Q)
4
√
b−1 · (p+mpsp)
√
b−1 · (k +mksk)
, (50)
Mλ,−λ (p, sp; k, sk) =
λTr
(
τu−λ (k, sk) 6nλωλ 6b−1τuλ (p, sp)Q
)
8
√
b−1 · (p+mpsp)
√
b−1 · (k +mksk)
. (51)
The main inconvenience of the trace method is the considerable increase of terms with the increase
of the number of γ-matrices in the operator Q. In particular, the authors of [32] suggest to use KS
polarization states to decrease the number of terms in Uλk (k, sk) ⊗ Uλp (p, sp). It is also necessary
to evaluate spin configurations of fermions separately.
In the paper I present the method of calculating expressions (46) without using the above scheme,
i.e. without using the traces of type (50), (51). This approach can be realized by using the properties
of basis spinors (9), (10). That’s why the method is called the method of basis spinors (MBS).
9The essence of the MBS is as follows. With the help of completeness relation (15) we decompose
bispinors in (46). As a result the matrix element is
Mλp,λk (p, sp; k, sk) =
1
4
1∑
σ,ρ=−1
1∑
A,C=−1
Uλp (p, sp)Uσ (bC)
{
U−σ (b−C)Q Uρ (bA)
}
U−ρ (b−A)Uλk (k, sk)
=
1∑
σ,ρ=−1
1∑
A,C=−1
D†λp,σ (C; p, sp) Γ−C,A;−σ,ρ (Q)D−ρ,λk (−A; k, sk) , (52)
where the coefficients Dρ,λ are the decomposition coefficients of the bispinors, and the construction
Γ is defined by the relation
ΓC,A;σ,ρ (Q) ≡ Uσ (bC)Q Uρ (bA) . (53)
Equation (52) can be rewritten in matrix form
Mλp,λk (p, sp; k, sk) =
1∑
σ,ρ=−1(
D†λp,σ (−1; p, sp) D†λp,σ (1; p, sp)
)( Γ1,−1;−σ,ρ (Q) Γ1,1;−σ,ρ (Q)
Γ−1,−1;−σ,ρ (Q) Γ−1,1;−σ,ρ (Q)
)(
D−ρ,λk (1; k, sk)
D−ρ,λk (−1; k, sk)
)
.(54)
Thus in the MBS the problem of calculating (46) involves two steps:
1. The calculation of the decomposition coefficients Dλp,σ (C; p, sp) and Dρ,λk (A; k, sk)
2. The calculation of the value ΓC,A;σ,ρ (Q) with further summing.
The first part of the problem is solved in Sec.III. Evidently, such calculation are made only once
and further on the decomposition coefficients are used as ready-made functions.
By means of Eqs.(19),(20) and (23)-(26) it is easy to calculate the value Γ (Q) as linear combina-
tions of values Γ
{α,β,...,µ,ν}
C,A;σ,ρ (26). We can obtain Eq.(53) in terms of the scalar products of physical
vectors included in Q and the vectors of an isotropic tetrad (see, Sec. II and Appendix A).
The further procedure of summing is largely simplified because of Kronecker symbols occurring in
calculating both decomposition coefficients and value (53).
In the case when operator Q contains non-contracted Lorentz-indices, the final result of Eq.(46)
will make up the corresponding tensor constructed from the vectors of an isotropic tetrad.
As an example of the MBS let’s consider the calculation of Eq.(46) for massless fermions
Mλp,λk (p, k;Q) ≡ Uλp (p)QUλk (k) (55)
Using coefficients of decomposition (29) and summing we find expression (55) in general form (for
arbitrary Q)
Mλp,λk (p, k;Q) = D
†
λp,−λp (1; p)
(
D−λk,λk (1; k) Γ−1,−1;λp,λk (Q) +D−λk ,λk (−1; k) Γ−1,1;λp,λk (Q)
)
+
D†λp,−λp (−1; p)
(
D−λk,λk (1; k) Γ1,−1;λp,λk (Q) +D−λk,λk (−1; k) Γ1,1;λp,λk (Q)
)
=
−λp
(
p · nλp
)
2
√
(p · b−1)

√(k · b−1)Γ−1,1;λp,λk (Q)− λk (k · n−λk)√
(k · b−1)
Γ−1,−1;λp,λk (Q)

+
√
(p · b−1)
2

√(k · b−1)Γ1,1;λp,λk (Q)− λk (k · n−λk)√
(k · b−1)
Γ1,−1;λp,λk (Q)

 . (56)
10
For case Q = I we have spinor product, i.e.
Uλp (p)Uλk (k) = λp δλp,−λk
(p · b−1)
(
k · nλp
)
− (k · b−1)
(
p · nλp
)
√
(b−1 · p) (b−1 · k)
. (57)
For case Q = γµ with the help of (22) we find expression (56) in terms of scalar products of physical
vectors p, k and the vectors of an isotropic tetrad
Mλp,λk (p, k; γ
µ) ≡ Jµλp,λk (p, k) =
δλp,λk

[√(p · b−1) (k · b−1)
]
bµ1 +


(
p · nλp
) (
k · n−λp
)
√
(p · b−1) (k · b−1)

 bµ−1 −

(p · nλp)
√√√√(k · b−1)
(p · b−1)

nµ−λp −

(k · n−λp)
√√√√ (p · b−1)
(k · b−1)

nµλp

 . (58)
For completeness we have included expressions (55) with Q = γµγν and Q = γµγνγα in Appendix
A. With the help of these relations we have an opportunity to gain larger “building” blocks of the
Feynman diagrams and to use them as universal functions.
The similar calculation for massive fermions does not differ and leads to the appearance of addi-
tional terms in the vectors of an isotropic tetrad. It is necessary to emphasize that the increase of
the number of γ-matrices in the operator Q does not lead to the avalanche increase of the number
of terms as it is in the trace methods. The matrix element in the suggested approach is obtained for
arbitrary spin configurations of fermions.
Let’s briefly compare the method of basis spinors with spinor technique of calculating the processes
with massless fermions ([17]). We recall some details of the spinor techniques with small modifica-
tions. Instead of vectors k0 = (1, 1, 0, 0) and k1 = (0, 0, 1, 0) used in Ref.([17]) we use b−1 and nλ
accordingly.
The CALCUL spinor techniques includes the following operations.
1. An arbitrary massless spinor Uλ (p) is determined through the basic spinor by relation (27), i.e.
Uλ (p) =
6p√
2 (p · b−1)
U−λ (b−1) . (59)
2. The spinor Chisholm identity
γµ
{
Uλ (p) γµUλ (k)
}
= 2
[
Uλ (k)Uλ (p) + U−λ (p)U−λ (k)
]
(60)
is used.
3. The four-vector p with p2 = 0 can be written as the sum of the projection operators
6p =
1∑
λ=−1
Uλ (p)Uλ (p) . (61)
4. The circular polarization vectors of massless boson εµλ (k) with momentum k (k
2 = 0) is deter-
mined by
εµλ (k) ∼ Uλ (q) γµUλ (k) . (62)
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With the help of Eqs.(60)-(62) we can reduce the amplitudes of processes to expressions involv-
ing only spinor products of the type
sλ (p, k) ≡ Uλ (p)U−λ (k) = −sλ (k, p) . (63)
Spinor product (63) due to Eqs.(7),(9) and (59) is reduced to the calculation of trace [17]
sλ (p, k) =
λ
4
Tr (ω−λ 6b−1 6p 6k 6nλ)√
(b−1 · p)
√
(b−1 · k)
=
λ [(p · b−1) (k · nλ)− (k · b−1) (p · nλ)]− iǫ (b−1 , nλ , p, k)
2
√
(b−1 · p) (b−1 · k)
(64)
with ǫ (p, r, k, q) = ǫαβρµpαrβkρqµ.
Using properties of isotropic tetrad vectors Eq.(64) can be rewritten
sλ (p, k) =
λ [(p · b−1) (k · nλ)− (k · b−1) (p · nλ)]√
(b−1 · p) (b−1 · k)
. (65)
The comparative analysis of algorithms of matrix elements reduction (calculation) shows that the
spinor techniques and the MBS differ from each other essentially. Neither Chisholm identity (60)
nor additional constructions (61), (62) are used in the MBS. The method of basis spinors does not
require a special procedure for constructing polarization vectors of massive gauge bosons (see, for
example [17]), as all four-vectors in the method are ”processed” similarly. Besides, it is necessary to
mark that if in Eq.(60) the vector p or k coincides with b1 or b−1 you should be very accurate using
spinor Chisholm identities, because they alter (see [33]).
The MBS can also be supplemented by constructing the polarization vector of massless and massive
bosons in the basis of an isotropic tetrad (for photons, see [31]). The final expression for (55) will
contain only scalar products of four-vectors of particles and the isotropic tetrad.
It is always possible to construct the basis of an isotropic tetrad (4) by means of physical vectors
for particular reaction. The procedure enables to obtain the expression of the Feynman amplitude
in terms of the scalar products of the four-momenta and their contraction with Levi-Civita tensor.
Thus, we can get the matrix element in explicit Lorentz-covariant form. Besides, the successful
construction of the basis can lead to a considerable decrease of the number of terms.
V. APPLICATIONS
Let us consider a series of examples as an illustration and a test of the method of basis spinors.
We shall take electron-positron reactions as there are enough examples of analytical calculations of
the matrix element for them. For simplification we shall consider initial fermions as massless.
As an example of our method we shall calculate the amplitudes of the reaction
e− (p1, λ1) + e
+ (p2, λ2)→W− (k1, α) +W+ (k2, β) . (66)
The Feynman diagrams are shown in Fig.1. The amplitude of the process can be written
Me+e−→W+W− = MγZ +Mν , (67)
MγZ =
4πα
P 2
[
Uλ2 (p2) γµUλ1 (p1)−
P 2
(P 2 −m2Z) 2 sin2 θW
×
12
FIG. 1: Feynman diagrams for the process e−e+ → W−W+.
V λ2 (p2) γµ (g
e
V − geAγ5)Uλ1 (p1)
]
Γµαβ (P, k1, k2) εα (k1) εβ (k2) , (68)
Mν =
πα
2Q2 sin2 θW
V λ2(p2)εˆ (k2) (1− γ5) Qˆεˆ (k1) (1− γ5)Uλ1 (p1) , (69)
where geA, g
e
V are axial and vector electron couplings accordingly. The tensor Γ
µαβ (P, k1, k2) is
determined as
Γµαβ (P, k1, k2) = g
αβ (k1 − k2)µ + 2
(
P αgµβ − P βgµα
)
. (70)
In Eqs.(68) and (69) we use the following designations: α and θW are the fine-structure constant and
weak mixing angle respectively, the vectors εα (k1), εβ (k2) are the polarization vectors of W -bosons
and the momenta P,Q are P = p1 + p2 Q = p1 − k1.
Let us consider reaction (66) in the center of momentum system e+e−. Then vectors of isotropic
tetrad (4) can be expressed by means of physical vectors p1, p2, k1
b1 =
√
2p1√
(p1 · p2)
, b−1 =
√
2p2√
(p1 · p2)
,
nλ =
b−1 (k1 · b1) + b1 (k1 · b−1)− 2k1 + iλ [b1, b−1, k1]
2
√
(b−1 · k1) (b1 · k1)
(71)
with [p, r, k]µ = ǫαβρµpαrβkρ.
In this case it is easy to find with the help of the MBS that
V λ2 (p2) γ
µUλ1 (p1) = λ1δ−λ2,λ1
√
2 (p1 · p2)nµλ1 . (72)
Using Eq.(72) we obtain the matrix elements with γ and Z0-boson exchanges in terms of scalar
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products of the physical vectors and the isotropic tetrad vectors:
MγZ = 4πα
λ1δ−λ2,λ1√
2 (p1 · p2)
(
1− χ
(
P 2
) g−λ1e
2 sin2 θW
)
× (nλ1)µ Γµαβ (P, k1, k2) εα (k1) εβ (k2)
= 4πα
λ1δ−λ2,λ1√
2 (p1 · p2)
(
1− χ
(
P 2
) g−λ1e
2 sin2 θW
)
[(ε (k1) · ε (k2)) ((k1 − k2) · nλ1) +
2 ((P · εα (k1)) (ε (k2) · nλ1)− (P · ε (k2)) (ε (k1) · nλ1))] , (73)
where we use the following notations: χ (P 2) = P 2/ (P 2 −m2Z), gλe = (geV + λgeA). It should be noted
that similar calculation by means of the spinor techniques of the CALCUL group requires much
more efforts.
Let us consider the calculation of the diagram with neutrino exchange as an example of using
building blocks, which were calculated before by the method of basis spinors. Amplitude (69) can
be rewritten in the form
Mν =
πα (1− λ1)
Q2 sin2 θW
εµ (k2)Qνεβ (k1)U−λ2 (p2) γ
µγνγβUλ1 (p1) . (74)
Using Eq.(A2) from Appendix A and the definition of isotropic tetrad vectors (71) we obtain
Mν = δ−λ2,λ1
√
2 (p1 · p2)πα (λ1 − 1)
Q2 sin2 θW
×
[(ε (k2) · b−1) ((ε (k1) · b1) (n−λ1 ·Q)− (ε (k1) · n−λ1) (b1 ·Q)) +
(ε (k2) · n−λ1) ((ε (k1) · n−λ1) (nλ1 ·Q)− (ε (k1) · b1) (b−1 ·Q))] . (75)
To get an explicit Lorentz-covariant form of amplitude (67) it is necessary to substitute the vectors
of isotropic tetrad in relations (73),(75) by formulas (71).
Taking into account the kinematics of the process the components of the vectors in the center of
momentum system e+e− are determined by the relations:
p1 =
√
s
2
(1, 0, 0, 1), p2 =
√
s
2
(1, 0, 0,−1),
k1 =
√
s
2
(1, βW sin θ, 0, βW cos θ), k2 =
√
s
2
(1,−βW sin θ, 0,−βW cos θ),
εµT (k1) =
1√
2
(0, cos θ, ν1i,− sin θ) , εµT (k2) =
1√
2
(0, cos θ,−ν2i,− sin θ) ,
εµL (k1) = γW (βW , sin θ, 0, cos θ) , ε
µ
L (k2) = γW (βW ,− sin θ, 0,− cos θ) , (76)
where s = (p1 + p2)
2, βW =
√
1− 4m2W/s, γW =
√
s/ (2mW ), ν1, ν2 = ±1 and the angle θ is the
scattering angle of W−-boson in the center of momentum system . For longitudinally polarized
W -bosons (ε (k1,2) ≡ εL (k1,2)) after a series transformations it is not difficult to obtain
MLLγ,Z = 4παλ1δ−λ2,λ1
(
1− χ (s) g
−λ1
e
2 sin2 θW
)
βW
(
2γ2W + 1
)
sin θ, (77)
MLLν =
2παδ−λ2,λ1
βW sin
2 θW
(1− λ1)
(
γ2W −
1
γ2W (1 + β
2
W − 2βW cos θ)
)
sin θ. (78)
Eqs.(77) and (78) coincide with the matrix elements of this process, which are presented in [34].
14
We shall consider the process with massive fermions f, f¯
e− (p1, λ1) + e
+ (p2, λ2)→ f (k1, ν1) + f¯ (k2, ν2) (f 6= e) (79)
as the following test of the MBS. The Feynman diagrams for this process are shown in Fig.2. The
FIG. 2: Feynman diagrams for the process e−e+ → ff¯ .
amplitude of the process can be written as
Me+e−→ff¯ (λ1, λ2; ν1, ν2) = 4πα/s [Mγ (λ1, λ2; ν1, ν2) +MZ0 (λ1, λ2; ν1, ν2)] , (80)
where
Mγ (λ1, λ2; ν1, ν2) = QfV λ2 (p2) γµUλ1 (p1)U ν1 (k1) γ
µVν2 (k2) , (81)
MZ0 (λ1, λ2; ν1, ν2) = RZ
(
gµν − P µP ν/m2Z
)
V λ2 (p2) γν (g
e
V − geAγ5)Uλ1 (p1)U ν1 (k1) γµ
(
gfV − gfAγ5
)
Vν2 (k2) (82)
with RZ = (GFm
2
Zs) /
(
2
√
2πα (s−m2Z)
)
. The values gfV , g
f
A are fermion coupling constants, GF is
Fermi constant and Qf is fermion charge f in units e.
We shall consider the amplitudes of process (79) for the helicity and KS polarization states of
final fermions. Using (72) and the decomposition coefficients for KS polarization states (43) it is
easy to obtain the expressions both in terms of scalar products and through momentum components
respectively by means of the MBS
MKSe+e−→ff¯ (λ1, λ2; ν1, ν2) =
−8πα
s
√
sδλ1,−λ2√
(b−1 · k1) (b1 · k2)
[δλ1,ν1 (b−1 · k1)
(
λ2Qf − RZg−λ1e g−ν1f
)
((nν2 · k2) δν1,−ν2 +mfν2δν1,ν2) + ν2 (b−1 · k2)(
ν1δν1,−ν2δ−λ1,ν1 (nν1 · k1)
(
−Qfλ2 +RZg−λ1e g−ν1f
)
+mf
(
Qfλ2 − RZg−λ1e gν1f
))]
, (83)
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MKSe+e−→ff¯ (λ1, λ2; ν1, ν2) =
4παδλ1,−λ2√
1− β2f cos2 θ
[
δν1,−ν2βf
(
λ1Qf +RZg
−λ1
e g
−ν1
f
)
sin θ {δλ1,ν1 (1 + βf cos θ)− δ−λ1,ν1 (1− βf cos θ)}+ δν1,ν2δν1,λ1ν1
2mf√
s{
2Qfλ1 +RZg
−λ1
e
[
g−ν1f (1 + βf cos θ) + g
ν1
f (1− βf cos θ)
]}]
. (84)
Using the MBS it is simple obtain the helicity amplitudes with the help of the coefficients of
decomposition (45):
MHele+e−→ff¯ (λ1, λ2, ν1, ν2) = 4παδλ1,−λ2 (δν1,−ν2 {(δλ1,ν1 (1 + cos θ)− δλ1,−ν1 (1− cos θ))[
2Qf +RZg
−λ1
e
(
gν1f (1− βf) + g−ν1f (1 + βf )
)]}
+
δν1,ν2
{
ν1mf√
s
sin θ
[
2Qf +RZg
−λ1
e
(
gν1f + g
−ν1
f
)]})
. (85)
The helicity amplitude (85) coincides with the amplitude, which was obtained in Ref.[15] up to the
phase factor.
It is easy to verify that the unpolarized cross sections, which can be obtained from the KS (84)
and helicity amplitudes (85) coincide with the known expression (see, for example, [31]).
It should be noted, that δ-symbols which occur in (83) and (84),(85) are not artificially introduced.
The Kronecker symbols occur as the consequence of the used method of calculations. That’s why the
method gives the analytical expression of the matrix element for all spin configurations of fermions
at the same time. The condition distinguishes the method from the trace method where the spin
configurations of the fermions should be calculated separately. Besides, it is convenient to use chiral
(left and right) coupling constants (g±1f ≡ gfV ±gfA) in the MBS, because they occur during calculation
(53).
To avoid the impression that the method can calculate only simple binary processes let’s consider
the calculation of one of the possible diagrams (see fig.3) for reaction e+e− → e+e−e+e−e+e− with
massless fermions as an illustration. Using definition (58) the matrix element of given Feynman
diagram can be written as
Me+e−→e+e−e+e−e+e− =
e6
P 212Q
2
12Q
2
34Q
2
1Q
2
2
Jβ−λ2,λ1 (p2, p1) J
ρ
ν1,−ν2 (k1, k2)
Jσν3,−ν4 (k3, k4)U ν5 (k5) γσQˆ2γβQˆ1γρVν6 (k6) . (86)
Here we use the following notations for four-vectors
Q1 = − (k1 + k2 + k6) , Q2 = k3 + k4 + k5,
Q34 = k3 + k4, Q12 = k1 + k2, P12 = p1 + p2. (87)
Using the MBS matrix element (86) is reduced to compact form
Me+e−→e+e−e+e−e+e− =
δν1,−ν2δν3,−ν4δν5,−ν6δλ1,−λ2√
(k5 · b−1) (k6 · b−1)
√
sλ1e
6
P 212Q
2
12Q
2
34Q
2
1Q
2
2
(δλ1,−ν5 [(Q1 · b1) ((k6 · b−1) (j2 · n−ν5)− (j2 · b−1) (k6 · n−ν5)) +
(Q1 · n−ν5) ((j2 · nν5) (k6 · n−ν5)− (k6 · b−1) (j2 · b1))]×
[(Q2 · b−1) ((k5 · nν5) (j3 · n−ν5)− (k5 · b−1) (j3 · b1)) +
(Q2 · n−ν5) ((k5 · b−1) (j3 · nν5)− (j3 · b−1) (k5 · nν5))]−
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FIG. 3: One of the possible Feynman diagrams of e+e− → e+e−e+e−e+e−.
δλ1,ν5 [(k6 · n−ν5) ((j2 · b−1) (Q1 · nν5)− (Q1 · b−1) (j2 · nν5)) +
(k6 · b−1) ((j2 · b1) (Q1 · b−1)− (Q1 · nν5) (j2 · n−ν5))]×
[(Q2 · b1) ((k5 · b−1) (j3 · nν5)− (j3 · b−1) (k5 · nν5)) +
(Q2 · nν5) ((j3 · n−ν5) (k5 · nν5)− (k5 · b−1) (j3 · b1))]) , (88)
where
jµ2 ≡ Jµν1,−ν2 (k1, k2) , jµ3 ≡ Jµν3,−ν4 (k3, k4) . (89)
The scalar products of the vectors j2, j3 with the vectors of an isotropic tetrad are easily obtained
with the help of (58).
VI. CONCLUDING REMARKS
The suggested computational method of matrix elements from the methodological point of view
(but not from the point of view of a method of calculations) is close to the methods offered in [20],
[24] for helicity and KS-fermion states. In contrast to them the method of the basis spinors has a
simpler algorithm and does require the explicit form of γ-matrices and bispinors. It can also be used
for arbitrary fermion polarization.
The calculation of a matrix element in the MBS is simplified through the incorporation of a
complete set of massless basis spinors that makes many evaluations trivial. And the main ”laborious”
operation is the calculation of decomposition coefficients of physical bispinors on basis ones.
The suggested method combines the advantages of both the trace methods and the computational
methods based on spinor technique. The method as well as the method of spinor techniques enables
to calculate the blocks of the Feynman diagrams (current-like constructions, spinor products, and
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by means of the MBS even more complicated structures) with the help of recursion relation (26) and
then to use them in the calculation as universal functions. The method as well as trace methods
does not require either the compulsory construction of the polarization vectors of bosons, or the
transformation of the slash construction 6p into bispinors.
The MBS can be easily realized in the systems of symbolic calculations (Mathematica, Maple,
Reduce). As an example, all calculations have been done with the help of the simple rule-based
program in environment “MATHEMATICA”([35]). It should be noted that getting the analytical
expression in terms of scalar products on the given matrix element of the reaction on the ordinary
computer (Pentium-III) takes from 0.2 to 0.6 second.
In conclusion, I’d like to emphasize that the purpose of my paper is to present the new method
of analytical calculations of the matrix element with massless and massive fermions. That is why I
didn’t try to stress which method is more efficient (better or worse), since the criteria of the efficiency
can be different.
APPENDIX A: SOME RELATIONS FOR MASSLESS FERMIONS
By means of Eq. (24) or (26) we can get expressions for ΓC,A;σ,ρ with Q = γ
µγν and Q = γµγνγα:
Γ
{µ,ν}
C,A;σ,ρ = 2δσ,−ρ

 ρ
(
bµ1n
ν
−ρ − nµ−ρbν1
)
bµ−1b
ν
1 − nµρnν−ρ
bµ1b
ν
−1 − nµ−ρnνρ ρ
(
bµ1n
ν
ρ − nµρbν1
)


C,A
, (A1)
Γ
{µ,ν,α}
C,A;σ,ρ = 2δσ,ρ


(
bµ1b
ν
−1 − nµρnν−ρ
)
bα1 −
(
nµρb
ν
1 − bµ1nνρ
)
nα−ρ ,
ρ
(
nµρb
ν
1 − bµ1nνρ
)
bα−1 + ρ
(
bµ1b
ν
−1 − nµρnν−ρ
)
nαρ ,
ρ
(
nµ−ρb
ν
−1 − bµ−1nν−ρ
)
bα1 + ρ
(
bµ−1b
ν
1 − nµ−ρnνρ
)
nα−ρ(
nµ−ρb
ν
−1 − bµ−1nν−ρ
)
nαρ +
(
bµ−1b
ν
1 − nµ−ρnνρ
)
bα−1


C,A
. (A2)
Using Eq.(56) and the Eqs.(A1),(A2) we get two expressions
Mλp,λk (p, k; γ
µγν) ≡ Uλp (p) γµγνUλk (k) =
λpδλp,−λk√
(p · b−1) (k · b−1){(
k · nλp
) [(
p · nλp
) (
bµ−1n
ν
−λp − nµ−λpbν−1
)
+ (p · b−1)
(
bµ1b
ν
−1 − nµλPnν−λp
)]
+
(k · b−1)
[(
p · nλp
) (
nµ−λpn
ν
λp
− bµ−1bν1
)
+ (p · b−1)
(
nµλpb
ν
1 − bµ1nνλp
)]}
, (A3)
Mλp,λk (p, k; γ
µγνγα) =
δλp,λk√
(p · b−1) (k · b−1){
(p · b−1)
[
(k · b−1)
(
bα1
(
bµ1b
ν
−1 − nµλpnν−λp
)
+ nα−λp
(
nµλpb
ν
1 − bµ1nνλp
))
+(
k · n−λp
) (
nαλp
(
nµλpn
ν
−λp − bµ1bν−1
)
+ bα−1
(
bµ1n
ν
λp
− nµλpbν1
))]
+(
p · nλp
) [(
k · n−λp
) (
nαλp
(
nµ−λpb
ν
−1 − bµ−1nν−λp
)
+ bα−1
(
bµ−1b
ν
1 − nµ−λpnνλp
))
+
(k · b−1)
(
bα−1
(
bµ−1n
ν
−λp − nµ−λpbν−1
)
+ nα−λp
(
nµ−λpn
ν
λp
− bµ−1bν1
))]}
. (A4)
18
These relations can be used as universal functions for calculations of processes with massless fermions.
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FIGURE CAPTIONS
Fig. 1 Feynman diagrams for the process e−e+ →W−W+
Fig. 2 Feynman diagrams for the process e−e+ → f f¯
Fig. 3 One of the possible Feynman diagrams of e+e− → e+e−e+e−e+e−.
